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Soumyakanti Bose∗ and M. Sanjay Kumar†
S. N. Bose National Centre for Basic Sciences
Block-JD, Sector-III, Salt Lake, Kolkata 700106
India.
Non-Gaussian entangled states of light have been found to improve the success of quantum telepor-
tation. Earlier works in the literature focussed mainly on two-mode non-Gaussian states generated
by de-Gaussification of two-mode squeezed vacuum states. In the current work, we study quan-
tum teleportation with a class of non-Gaussian entangled resource states that are generated at the
output of a passive beam splitter (BS) with different input single mode non-Gaussian states. In
particular, we consider input states that are generated under successive application of squeezing and
photon addition/subtraction operations in various orders. We focus on identifying what attributes
of the resource states are necessary or sufficient for quantum teleportation (QT). To this end we
first evaluate two attributes considered in the literature, viz. squeezed vacuum affinity (SVA) and
EPR correlation. While SVA is not non-zero for all two-mode resource states, EPR correlation is
neither necessary nor sufficient of QT. We consider yet another attribute, viz. two-mode quadrature
squeezing as defined by Simon et. al. [Phys. Rev. A 49, 1567 (1994)]. Our numerical results
on the de-Gaussified two-mode squeezed vacuum state as well as the BS generated non-Gaussian
states lead us to the conclusion that two-mode quadrature squeezing is a necessary condition for
QT, in general. We further demonstrate the plausibility of this conclusion by giving an analytical
proof that two-mode quadrature squeezing is a necessary condition for QT in the case of symmetric
two-mode Gaussian resource states.
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I. Introduction
Quantum teleportation (QT) [1] is one of the most
important information processing tasks that serves as a
building block to several other protocols of quantum in-
formation technology [2]. It was first proposed by Ben-
nett et. al. [3] for qubits that could be realized in sev-
eral systems such as atomic spin, polarization of light etc
[1]. Later, an experimentally realizable extension of the
protocol to quantum optical systems was proposed by
Braunstein and Kimble [4]. Quantum teleportation with
entangled optical resources, implementing Braunstein-
Kimble (BK) protocol, has also been experimentally re-
alized [5–9].
The most commonly used Gaussian entangled quan-
tum optical resource in teleportation is the two-mode
squeezed vacuum state (TMSV) which could be gener-
ated in parametric down conversion [10]. However, cer-
tain de-Gaussification processes such as photon addition
and subtraction alongwith their coherent superposition,
quantum catalysis etc. have been found to improve the
amount of entanglement as well as the success of telepor-
tation compared to TMSV. [11–18].
Dell’Anno et. al. [12] showed that optimized telepor-
tation could be achieved by tuning entanglement, non-
Gaussianity (NG) and squeezed vacuum affinity of the
entangled resource state. Later developments [13, 14,
16, 17] have pointed to the possibility that Einstein-
Podolosky-Rosen (EPR) correlation of the resource states
could be a sufficient condition for QT. However, Lee et.
al. [14] and Wang et. al. [16] have argued that EPR
correlation is not always necessary for QT - for exam-
ple, the symmetrically photon added TMSV yields QT
even without EPR correlation. Further, Hu et. al. [18]
have addressed the question of whether there could be
other aspects of the resource states, besides EPR cor-
relation, that are crucial for QT. In this respect they
considered the Hillery-Zubairy (HZ) correlation. How-
ever, they concluded that EPR correlation is a better
witness of QT than HZ correlation, i.e., there exists re-
source states that yield QT that are not HZ correlated
but are EPR correlated. Clearly then, the question of
what may be the necessary and sufficient condition (s)
for quantum teleportation is very much open.
It may be noted that all the non-Gaussian entangled
states, in earlier works [11–18], were generated by de-
Gaussifying the TMSV. Another way to generate non-
Gaussian entangled states is by using a passive BS with
single mode nonclassical non-Gaussian states at one of
the input ports. The BS output states are guaranteed to
be entangled in view of the result on the necessary and
sufficient condition for BS output entanglement [19]. In
our previous work [20], we have studied various aspects
of BS output entanglement with a class of input single
mode non-Gaussian states, viz. the states that are gener-
ated under multiple nonclassicality inducing operations
(MNIO) [21]. In the present work, we explore such states
in the context of quantum teleportation.
The non-Gaussian resource states we consider here are
generated under BS action with specific input states.
These input states are generated under successive ap-
plication of various nonclassicality (NC)-inducing oper-
ations, viz., photon addition/subtraction and quadra-
ture squeezing on the single mode vacuum. The spe-
cific input states are the photon added squeezed vac-
uum state (PAS), the photon subtracted squeezed vac-
2uum state (PSS) and squeezed number state (SNS). The
analysis in this paper hinges on our numerical results
on the dependence of the teleportation fidelity on the
squeeze parameter (r) for various values of the photon
addition/subtraction number (m) in the case of specific
input states. We analyze our numerical results on tele-
portation in the light of various properties of resource
states that have been considered in the literature to be
crucial for QT, in particular, EPR correlation [13, 14, 16–
18] and squeezed vacuum affinity [12].
It was believed [13, 17, 18] that EPR correlation could
be a necessary/sufficient condition for QT. However, as
argued in [14, 16], EPR correlation is not always neces-
sary for QT - a counterexample being that of the TMSV
with photon added symmetrically in both modes that
yields QT even without EPR correlation. Furthermore
for a large subset of states that we have considered in
this paper, we have found that EPR correlation is not
even sufficient for QT. This result of ours in conjunction
with the results of [14, 16] indicates that EPR correla-
tion is neither necessary nor sufficient for QT. Although
it has not been stated explicitly by Dell’Anno et. al.
[12], it is implicit in their work that squeezed vacuum
affinity is a necessary ingredient for QT. It so happens
that for the states that they have considered, SVA is al-
ways nonzero. Resource states for which SVA is non-zero
zero may in principle yield QT. In fact, some of the re-
source states that we have considered in this paper do
have this property. However, we would like to emphasize
here SVA is not non-zero, in general. It is easily seen that
for any bipartite state other than that having the form
〈n1, n1|ρ|m1,m1〉 = δn1,n2 δm1,m2 〈n1, n2|ρ|m1,m2〉,
SVA vanishes. In fact, in the case of most of the states
we have considered, SVA becomes trivially zero. Hence,
it is clear that SVA can’t be regarded as an essential
ingredient for QT.
In view of the above discussion, the question arises as
to what is the property of the resource states, besides
entanglement, that contributes to QT when the resource
states are not EPR correlated and SVA too is not non-
zero. In this paper we find that such a property is, in
fact, the two-mode quadrature squeezing of the resource
states as defined by Simon et. al. [22]. Our numeri-
cal results on the class of non-Gaussian resource states
studied in this paper indicate that two-mode quadrature
squeezing is, indeed, a necessary condition for QT, in
the sense that in all cases where the resource state is not
two-mode quadrature squeezed the fidelity of teleporta-
tion is < 1/2, i.e., there is no QT. However, two-mode
quadrature squeezing is not a sufficient condition.
The paper is organized as follows. In Sec. II we
present our numerical results on the teleportation of a co-
herent state with BS generated entangled non-Gaussian
resource states. These states are obtained with various
single mode non-Gaussian and nonclassical at one of the
input ports while the other left with vacuum. In Sec
III we presents a detailed analysis of the entanglement,
NG and SVA of the BS entangled states with a view to
understand teleportation. In Sec. IV we discuss EPR
correlation of the resource states in light of the results on
teleportation. In Sec. V we analyze our results in terms
of two-mode quadrature squeezing character of the BS
entangled resources. Here, we point out that two-mode
quadrature squeezing is indeed a necessary condition for
QT. Sec VI contains summary of the work.
II. Teleportation of a Coherent State using the BS
Generated non-Gaussian Entangled Resources
In this section, we under take a qualitative study of
QT with BS generated resource states. For simplicity
we consider nonclassical non-Gaussian single mode state
at one of the input ports of the BS with vacuum at the
other port. The specific input states that we consider
are the photon added squeezed vacuum state (PAS), the
photon subtracted squeezed vacuum state (PSS) and the
squeezed number state (SNS). These input states are
mathematically described as,
|ψpas〉 = 1√
Nmpas
a†mS(r)|0〉 (1a)
|ψpss〉 = 1√
Nmpss
amS(r)|0〉 (1b)
|ψsns〉 = S(r)|m〉, (1c)
where, S(r) = exp[ r2 (a
†2−a2)] is the single mode squeez-
ing operator and the quantities Nmpas and N
m
pss are de-
fined by the relations Nmpas = m!µ
mPm(µ), N
m
pss =
m!ν2m
∑m
k=0
m!
(m−k)!k! (
−µ
2ν )
k H
2
k
(0)
k! , µ = cosh r and ν =
sinh r. Here Pn(x) and Hn(x) are respectively n
th order
Legendre and Hermite polynomials.
A passive 50 : 50 BS is described by the following trans-
formation matrix between the input and the output mode
operators,
(
A
B
)
=
(
1/
√
2 1/
√
2
−1/√2 1/√2
)(
a
b
)
. (2)
where {A,B} and {a, b} are the output and input mode
operators respectively. Since the input states are nonclas-
sical, it is guaranteed that the corresponding BS output
states will be entangled [19]. It is well-known that entan-
glement is necessary for QT. Next we analyze QT with
these BS entangled resource states.
The teleportation protocol we consider is the stan-
dard Braunstein-Kimble (BK) [4] protocol. The perfor-
mance/success of the teleportation is measured in terms
of the fidelity of teleportation (F ), defined as the overlap
between the unknown input state and the output state
(the retrieved state), F = Tr[ρinρout ]. The evaluation F
becomes particularly simple in the characteristic function
(CF) description [23]. The CF of an nmode quantum op-
tical state ρ is defined as χρ({λi}) = Tr[ρD({λi})] where
D({λi}) = Πni=1 exp[λia†i − λ∗i ai]; ai being the ith mode
operator. For any two-mode state ρAB as a resource, the
3fidelity of teleportation of an unknown input state ρin
can be expressed as [23],
F =
∫
d2λ
pi
χin(−λ) χin(λ) χAB(λ, λ∗), (3)
where, χin(λ) and χAB(λ, λ
∗) are the CFs of ρin and ρAB
respectively. For simplicity we consider a coherent state
as the unknown input state and BS generated entangled
states as resource. In this case, Eqn. (3) simplifies to,
F =
∫
d2λ
pi
e−λ
2
χoutBS (λ, λ
∗), (4)
where, χoutBS (λ, λ
∗) corresponds to the characteristic func-
tion of the BS output state. Henceforth, we shall use Eq.
4 while discussing F . The maximum fidelity of telepor-
tation of a coherent state attainable by a separable state
in the BK protocol is 1/2 [24]. Hence, F > 12 indicates
QT.
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FIG. 1: (Color Online) Plot of F vs r for m = 0 (black solid
line), 1 (yellow dashed line), 2 (green dotted line), 3 (blue
dashed dotted line) and 4 (red dashed double dotted line) with
BS output states generated from the input states (a) PAS,
(b) PSS and (c) SNS. Violet long dashed line corresponds to
the maximum limit for the ”classical” teleportation, i.e, 1/2.
In Fig 1 we plot the dependence of F on the
squeeze parameter r and the number of photon addi-
tion/subtraction m in the case of non-Gaussian BS out-
put entangled states generated from single mode input
states [Eq. (1a), (1b) and (1c)]. As is evident from Fig.
(1), in the case of all three input states, the teleportation
fidelity F exhibits a rather complex, in particular non-
monotonic, dependence on the state parameters r and
m.
The rest of the paper is devoted to understanding the
various ramifications of the principle numerical results in
Fig. 1. In the next few sections we shall assess the role of
various attributes of the resource states, viz. entangle-
ment, non-Gaussianity (NG), squeezed vacuum affinity
(SVA) and EPR correlation on teleportation fidelity in
respect of the results in Fig. 1.
III. Attributes of the Resource States I:
Entanglement, NG and SVA
In this section we essentially extend the analysis of
Dell’Anno et. al. [12] to BS generated resource states.
It is pertinent to recall here the observation of Dell’Anno
et. al. [12], in the context of resource states generated by
certain de-Gaussifications of the TMSV, that in order to
achieve optimal teleportation, one has to tune values of
entanglement, NG and SVA of the resource states. The
purpose of this section is to verify if this observation of
Dell’Anno et. al. is borne out in the case of BS generated
resource states with |ψpas〉, |ψpss〉 and |ψsns〉 at the input.
III-A. Entanglement and Teleportation Fidelity
We denote the BS generated entanglement with input
|ψ〉 by E|ψ〉BS . In Fig 2, we plot the dependence of BS
entanglement for different input states. The specific de-
pendence of E
|ψpas〉
BS [Fig. 2(a)] and E
|ψsns〉
BS [Fig. 2(c)]
on r and m have already been discussed in detail in [20].
Here, we reproduce the figures for E
|ψpas〉
BS and E
|ψsns〉
BS
from our previous work [20] for the sake of future dis-
cussion. However, the results for E
|ψpss〉
BS are new and we
discuss them in some detail.
In the case of E
|ψpss〉
BS [Fig. 2(b)], we find that for small
r (≤ 0.40), odd photon subtracted states [m = 1, 3] are
more entangled than the even photon subtracted states
[m = 2, 4]. However, with increase in r, E
|ψpss〉
BS for even
photon subtracted states becomes higher than that for
odd photon subtracted states. In general, E
|ψpss〉
BS , for all
values of m, increases monotonically with increase in r.
As it is quite explicit from Fig. 1 and Fig. 2, the
dependence of the fidelity of teleportation on input pa-
rameters r and m for different input states is very differ-
ent from that of the respective BS output entanglement.
In the cases of both PAS, PSS and SNS as input, BS
output entanglement, for all non-zero values of m and r,
is always greater than that for the input Gaussian sin-
gle mode squeezed vacuum state (m = 0). However, in
4the case of teleporation, we observe that F for all input
states, except for the case of even PSS in the small r
(. 0.60) limit, is always smaller compared to the case of
input squeezed vacuum state for all non-zero values of m
and r.
In the case of even PSS input, in the small r (. 0.30)
region, all input odd PSSs yields more entanglement at
the output of BS than the input even PSSs. However, F
for all even PSSs at BS input is greater than all input odd
PSSs. These results indicate the well-known fact that,
although entanglement is necessary for QT, increase in
entanglement does not always ensure increase in fidelity
of teleportation.
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FIG. 2: (Color Online) Dependence of EBS on r for m = 0
(black solid line), 1 (yellow dashed line), 2 (green dotted line),
3 (blue dashed dotted line) and 4 (red dashed double dotted
line) for the input states (a) PAS, (b) PSS and (c) SNS.
III-B. NG and Teleportation Fidelity
In this subsection we study how teleportation fidelity
depends on the NG of the BS generated resource states.
There have been several proposals for quantification
of the non-Gaussian character of any state in terms
of Hilbert-Schmidt distance [25], relative entropy [26],
Wehrl entropy [27] etc. In the present paper, we consider
the Wehrl entropy based measure of NG.
For a quantum state of light, described by the density
operator ρ, its non-Gaussianity is defined as,
δ(ρ) = Hw(ρ
G)−Hw(ρ), (5)
where Hw(ρ) [= −
∫
d2z
pi Qρ(z) logQρ(z)] is the Wehrl en-
tropy of ρ defined in terms of the Husimi-Kano Qρ(z)
[= 〈z|ρ|z〉] distribution. Here ρG is the Gaussian counter-
part of ρ, the state formed with the first and the second
moments equal to those of ρ itself.
It is further shown by Ivan et. al. [27] that, in the case
of product state input at any passive linear system like
BS, NG of the output state becomes equal to the sum of
NG of the input states, i.e.,
δ(ρout) = δ(UBS(ρa ⊗ ρb)U †BS) = δ(ρa) + δ(ρa), (6)
where, UBS is the unitary operation corresponding to the
evolution of the input state (ρa⊗ ρb) through BS. In the
current work we have considered the cases where one of
the input ports BS is fed with single mode non-Gaussian
states ρin while the other port is left with vacuum. Since,
vacuum (|0〉) is a Gaussian state with δ(|0〉) = 0, Eq.
(6) immediately implies that the NG of the BS generate
resource states (ρout) we have considered here is same as
the NG of the corresponding input state ρin.
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FIG. 3: (Color Online) Plot of δ of the BS output states vs r
for m = 1 (black solid line), 2 (yellow dashed line), 3 (green
dotted line) and 4 (blue dashed dotted line) for the input
states (a) PAS, (b) PSS and (c) SNS.
In Fig. 3 we plot δ with r for different m, for the BS
output states generated from different input states. By
5δ|ψ〉 we denote the NG of the BS output state generated
from the input state |ψ〉. It is clear from Fig. 1 and Fig.
3 that the fidelity of teleportation (F ) does not depend
monotonically on the NG (δ) of the resource states. In
the case of input PAS, δ increases monotonically with
increase in both m and r, while corresponding F shows
a non-monotonic dependence. In the case of input PSS,
while the odd m states are more non-Gaussian than the
even m states at low r (. 0.30) limit, F for input even
PSSs is always higher than that for input odd PSSs. Be-
sides, in the case of input SNS, δ shows a non-monotonic
dependence on r for higher values ofm while correspond-
ing F is a monotonically increasing function of r for all
values of m.
III-C. SVA and Teleportation Fidelity
Dell’Anno et. al. [12] identified yet another attribute
called squeezed vacuum affinity (η) that entangled quan-
tum optical resources must possess to achieve QT. For
any bipartite entangled state ρAB, η is defined as its max-
imal overlap with the TMSV (|ξ(s)〉),
η = max
s
|〈ξ(s)|ρ|ξ(s)〉|2. (7)
First, We have analyzed the case of even photon
added/subtracted states (m = 0, 2, 4) at input of the BS
for which the output states have nonzero η. In Fig. 4,
we have shown the dependence of η of the BS generated
resource states for different input states. As evident, in
the case of all input states, η for the BS output resource
states decrease with increase in r for different values of
m. The maximum SVA is obtained for r = 0 and m = 0
that corresponds to the vacuum state (|0〉).
However, we have noticed that η becomes trivially zero
in the case of all input states with odd photon addi-
tion/subtraction. This could be explained in the follow-
ing way. The state TMSV has a symmetric expansion
in number state basis |ξ(s)〉 = 1µs
∑
k τ
k
s |k, k〉, where
µs = cosh s and τs = tanh s. Let’s now consider a bi-
partite state ρ =
∑
m,n
k,l
Ck,lm,n |m,n〉〈k, l|. The overlap
between |ξ(s)〉 and ρ is given by,
overlap = 〈ξ(s)|ρ|ξ(s)〉 = 1
µs
∑
m,n
k,l
Ck,lm,n τ
m+k
s δm,n δk,l.
(8)
Evidently, in the case of a bipartite state ρ for which
the diagonal elements for all m and k vanish (e.g.,
Ck,km,m = 0), SVA is identically zero. Note that a passive
BS simply redistributes the photons in the input modes
among the output modes. As a consequence, for all odd
number (m = 2p+1, p is any positive integer) of photon
added/subtracted states at input, BS output state have
diagonal elements identically equal to zero, i.e, Ck,km,m = 0
leading to η = 0.
It is quite clear from Fig. 2, 3 and 4 for entanglement,
NG and SVA respectively, that these attributes do not
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FIG. 4: η for BS output states with input (a) PAS, (b) PSS
and (c) SNS for even m. We consider m = 0 (black solid
line), 2 (yellow dashed line) and 4 (green dotted line).
behave quite the same way as the teleprotation fidelity
[Fig. 1], as far as their dependence on r and m is con-
cerned. In other words, F depends non-monotonically
on each of these attributes. One can’t achieve a larger
value of F merely by increasing any one of these at-
tributes. Thus, our results in the case of those BS gener-
ated resource states for which SVA is non-zero are con-
sistent with those of Dell’Anno et. al. in the case of
de-Gaussified two-mode squeezed vacuum states.
IV. Attributes of the Resource States II: EPR
Correlation
In recent years, besides entanglement, Einstein-
Podolsky-Rosen (EPR) correlation [30] of the two-mode
resource states have been found to be an important ingre-
dient in achieving QT [13, 17, 18]. However, Lee et. al.
[14] and Wang et. al. [16] have have pointed to examples
of states that yield QT even without EPR correlation.
In this section, we study this attribute in the case of BS
generated non-Gaussian entangled resource states.
In the seminal paper on completeness of quantum me-
chanics [28], Einstein, Podolsky and Rosen proposed an
ideal bipartite state which is a common eigenstate of the
relative position and total momentum of the subsystems.
In the case of any two-mode quantum optical state one
can define an EPR correlation parameter known as EPR
6uncertainty ∆EPR [30] as
∆EPR = 〈(∆(XA −XB))2〉+ 〈(∆(PA + PB))2〉
= 2
(
[1 + 〈A†A〉+ 〈B†B〉 − 〈A†B†〉 − 〈AB〉]
[〈A†〉 − 〈B〉][〈A〉 − 〈B†〉]), (9)
where, the quadrature operators {XA, PA, XB, PB} are
defined as XA =
1√
2
(A + A†), PA = 1i√2 (A − A†),
XB =
1√
2
(B + B†) and PB = 1i√2 (B − B†). EPR un-
certainty (∆EPR) being zero indicates perfect correlation
between the modes. The correlated state considered by
Einstein et. al. which is known as the EPR state [29],
could be realized in terms of TMSV in the limit of infinite
squeezing strength (r → ∞). In the case of two-mode
states with ∆EPR > 0, smaller the value of ∆EPR more
correlated the modes are. Further, as shown by Duan et.
al. [30] ∆EPR < 2 indicates that the two-mode state is
entangled.
In this section, we evaluate EPR correlation for the
BS generated entangled resources for the different input
non-Gaussian states we have considered in this paper.
Using the transformation matrix for a 50:50 BS [Eq. (2)],
∆EPR [Eq. (9)] for the BS generated resource states can
be expressed in terms of the input mode operators as,
∆EPR = 2
(
1 + 〈a†a〉+ 〈b†b〉 − 〈a†〉〈a〉 − 〈b†〉〈b〉)−(〈a†2〉+ 〈a2〉 − 〈a†〉2 − 〈a〉2)−(〈b†2〉+ 〈b2〉 − 〈b†〉2 − 〈b〉2). (10)
We have considered single mode nonclassical states at
one of the input ports (say mode a) while other port
(mode b) is left in the vacuum state. This leads to 〈b〉 =
〈b†〉 = 〈b2〉 = 〈b†2〉 = 〈b†b〉 = 0. Besides, for the input
nonclassical states we have considered, 〈a〉 = 〈a†〉 = 0
and 〈a2〉 = 〈a†2〉. With these results, EPR uncertainty
for the BS output states [Eq. 10] reduces to,
∆EPR = 2
(
1 + 〈a†a〉 − 〈a2〉). (11)
We denote the ∆EPR in the case of input state |ψ〉
as ∆
|ψ〉
EPR. Using the expression of Eq. 11, we find the
analytic forms of the ∆EPR, for input PAS, PSS and SNS
as,
∆
|ψpas〉
EPR = 2
[Nm+1pas
Nmpas
+
µ2m(m+ 2)!
Nmpas
(µν
2
) m∑
k=0
(
m
k
)
(−ν
2µ
)k Hk(0)Hk+2(0)
(k + 2)!
]
, (12a)
∆
|ψpss〉
EPR = 2
[
1 +
Nm+1pss
Nmpss
+
ν2m(m+ 2)!
Nmpss
(µν
2
) m∑
k=0
(
m
k
)
(−µ
2ν
)k Hk(0)Hk+2(0)
(k + 2)!
]
, (12b)
∆
|ψsns〉
EPR = 2
[
1 +m(µ− ν)2 − ν(µ− ν)
]
, (12c)
where, µ = cosh r, ν = sinh r and Hn(x) is the n
th order
Hermite polynomial. The expression
(
m
k
)
is the bino-
mial coefficient and the normalization constantsNmpas and
Nmpss are defined in Eq. (1).
In Fig. 5 we have plotted ∆EPR as a function of r for
various values of m for the BS output states, generated
from the input single mode states. It is evident from
a comparison of Fig. 1 for the teleportation fidelity and
Fig. 5 for the EPR correlation in the case of BS generated
resource states with either of the |ψpas〉, |ψpss〉 and |ψsns〉,
that there exists particular region of r where resource
states are EPR correlated (∆EPR < 2) yet they don’t
yield QT (F > 1/2).
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FIG. 5: (Color Online) Dependence of ∆EPR on r for different
m = 0 (black solid line), 1 (yellow dashed line), 2 (green
dotted line), 3 (blue dashed dotted line) and 4 (red dashed
double dotted line) for input (a) PAS, (b) PSS and (c) SNS.
The long dashed violet line correspoonds to ∆EPR = 2.0.
This leads to the conclusion that EPR correlation is
not sufficient for QT. Further, as shown by Lee et. al.
[14] and Wang et. al. [16] in the case of non-Gaussian
entangled states, QT can be achieved even when the re-
source state is not EPR correlated, i.e. ∆EPR > 2. Thus,
in view of our results together with the results of [14, 16],
we conclude that EPR correlation is neither necessary
nor sufficient for QT.
Let us summarize our analysis of the various attributes
7of the resource states so far. The results of Sec. II-C lead
us to conclude that SVA, as it is not non-zero in general
and in particular in the case of BS generated resource
states, it cannot be regarded. Further, when it is non-
zero it is not even sufficient. Further, the results of Sec.
IV make it clear that EPR correlation is neither neces-
sary nor sufficient. In the backdrop of these results the
question of what other attributes of the resource states,
beside entanglement, play an essential role in QT remains
open.
We propose yet another attribute of resource states
that has not been considered in the literature in the con-
text of QT, namely the U(2)-invariant two-mode quadra-
ture squeezing as defined by Simon et. al. [22]. In the
next section we examine the role of this attribute in the
context of QT.
V. Attributes of the Resource States III: Two-mode
Quadrature Squeezing
We recall here the definition of the U(2)-invariant two-
mode quadrature squeezing as defined by Simon et. al.
[22]. Let’s consider an two-mode quantum state of light ρ
with mode annihilation operators ak [k = 1, 2] satisfying
the commutation relations,
[ak, a
†
l ] = δk,l and
[ak, al] = [a
†
k, a
†
l ] = 0. (13)
In terms of the quadrature components, namely xk =
1√
2
(ak + a
†
k) and pk =
1
i
√
2
(ak − a†k) (k = 1, 2), one can
define a column vector as
−→
R = (x1, p1, x2, p2)
T , where
”T ” stands for transposition. The variance matrix of a
two-mode state ρ can be written in a compact form as
Vk,l =
1
2 Tr[ρ{∆Rk,∆Rl}], where ∆Rk = Rk − Tr[ρRk].
The state ρ is said to quadrature squeezed if
λmin <
1
2
, (14)
where, λmin is the least eigenvalue of its variance matrix
V [22]. Accordingly, the degree of quadrature squeezing
is defined as,
fsq =
1√
2λmin
, (15)
and in line with Eq. 14, the state is said to be quadra-
ture squeezed if fsq > 1. Henceforth, throughout the
rest of the paper, any discussion on two-mode quadrature
squeezing will correspond to the U(2)-invariant squeezing
as described by Eq. (14) and Eq. (15) accordingly.
In the following, we shall compute two-mode quadra-
ture squeezing for two different class of entangled re-
sources, namely, (a): states obtained by symmetrically
single photon addition/subtraction on TMSV and two-
mode squeezed number states considered by Dell’Anno
et. al. [12] and (b): BS generated entangled states con-
sidered in this paper.
V-A. Two-mode quadrature squeezing for states
considered by Dell’Anno et. al.
Let’s denote the states considered in [12] by,
|ψTMSV〉 = Sa,b(r)|0, 0〉, (16a)
|ψtmpa〉 = 1
N+
a†b†Sa,b(r)|0, 0〉, (16b)
|ψtmps〉 = 1
N−
abSa,b(r)|0, 0〉, (16c)
|ψtmsn〉 = Sa,b(r)|1, 1〉, (16d)
where, Sa,b(r) = e
r(a†b†−ab), N+ and N− are the normal-
ization constants.
We obtain analytic expressions for the λmin for the
states [Eq. (16a), (16b), (16c) and (16d)] as,
λmin
(|ψTMSV〉) = 1
2
− ν(µ− ν),
λmin
(|ψtmpa〉) = 1
2
+ (1− τ)(1 − 3τ + τ2 − τ3),
λmin
(|ψtmps〉) = 1
2
− 2τ(1− τ)(1 − τ + τ2),
λmin
(|ψtmsn〉) = 1
2
+ (µ− 2ν)(µ− ν), (17)
where, µ = cosh r, ν = sinh r and τ = tanh r. The degree
of squeezing for the states, then, is calculated using Eq.
(15). In Fig. 6, we plot the dependence of the degree of
two-mode quadrature squeezing (f tmsq ), for states given
in Eq. (16a), (16b) and (16c), upon squeezing strength
r. We also plot, in the same figure, f tmsq for TMSV as
reference.
 1
 1.5
 2
 2.5
 0.25  0.5  0.75
ftmsq
r
FIG. 6: (Color Online) Plot of f tmsq vs r for TMSV (black solid
line), |ψpa〉 (yellow dashed line), |ψps〉 (green dotted line) and
|ψsn〉 (blue dashed dotted line).
The degree of squeezing (f tmsq ) for TMSV is found to
be always greater than unity for all non-zero values of r.
With increase in r, f tmsq increases monotonically. In the
case of |ψpa〉, we notice that the state shows two-mode
squeezing (f tmsq > 1.0) beyond r ∼ 0.30. However, it
leads to quantum teleportation for higher r values [12].
In the case of |ψtmps〉, we observe the presence of two-
mode squeezing for all values of r which falls in line with
8the curve for corresponding teleportation fidelity [12].
It is worth noting that for a small squeeze parameter
(r . 0.65), photon subtracted TMSV is more two-mode
quadrature squeezed than the TMSV; however, for higher
r (& 0.70) TMSV becomes more squeezed. In comparison
with the specific curve for fidelity of teleportation [12],
two-mode quadrature squeezing appears to be necessary
for QT; however, not sufficient. In the case of |ψtmsn〉 we
find the dependence of f tmsq on r very similar to the case
of |ψtmpa〉.
V-B. Two-mode quadrature squeezing for the BS
generated entangled states with specific input states
Using the relation between variance matrices of the
input and output state of a BS, it is easy to show (Ap-
pendix A) that the λmin for the BS output states is given
by, λmin = min[1/2,∆Q], where, ∆Q is the value of the
uncertainty of the squeezed quadrature of the input state.
We denote the the degree of squeezing for the BS output
states as fbssq .
In Fig. 7 we show the dependence of fbssq on r for the BS
output two-mode states generated from input PAS, PSS
and SNS. In the case of input PAS [Fig. 7(a)], fbssq , for all
m ≥ 1, becomes greater than unity beyond a moderate
squeezing strength (r & 0.60). However, these states
yield QT (F > 1/2) for higher r. In comparison to the
results on F [Fig. 1(a)], it explains the absence of QT
below r ∼ 0.60.
In the case of input PSS, all the even photon sub-
tracted states [m = 2, 4] as well as no photon subtracted
state [m = 0] possess two-mode quadrature squeezing
(fbssq > 1.0) [Fig. 7(b)] for all values of r. However, all the
odd photon subtracted states attain fbssq > 1.0 for higher
values of r. In comparison to the corresponding results
on F [Fig. 1(b)], it is clear that the states, we consider
here, yield quantum teleportation provided they possess
two-mode quadrature squeezing.
In the case of input SNS, we observe that fbssq [Fig. 7(c)]
for m 6= 0 becomes greater than unity for high values
of r. The threshold value of r for two-mode squeezing
(fbssq > 1.0) increases with the increase in m. In the case
of corresponding results on F [Fig. 1(c)] also, we notice
that for m 6= 0 states quantum teleportation (F > 1/2)
is attained for higher values of r.
It is noteworthy that all the BS output resource states
that we have considered attain two-mode quadrature
squeezing, depending upon the value of m, beyond a
certain value of squeeze parameter r. This could be
explained in the following manner. Using the relation
between the variance of matrix of the state at input of
the BS and that of the output state, it can be easily
shown (Appendix) that the output state is quadrature
squeezed if and only if the input single mode is quadra-
ture squeezed. Since, the input single mode states be-
come quadrature squeezed (fsq > 1) beyond a moderate
value of squeeze parameter r, depending upon the value
of m, the same is reflected in the quadrature squeezing
of the output states.
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FIG. 7: (Color Online) Plot of fbssq vs r for different m = 0
(black solid line), 1 (yellow dashed line), 2 (green dotted line),
3 (blue dashed dotted line) and 4 (red dashed double dotted
line) for the BS output states with single mode (a) PAS, (b)
PSS and (c) SNS at input.
A close examination of the numerical results on f tmsq
for the states considered by Dell’Anno et. al. [12] as
well as the BS generated states that we have considered
in this work, indicates that two-mode quadrature squeez-
ing is necessary for QT. However, two-mode quadrature
squeezing is not a sufficient condition.
In this connection it is instructive to examine if two-
mode quadrature squeezing is necessary for QT in the
case of Gaussian resource states. In fact, it turns out (as
we show in the next subsection) that in the case of sym-
metric Gaussian states two-mode quadrature squeezing
is indeed necessary for QT.
V-C. Quantum Teleportation with symmetric
Gaussian resource states
Let’s consider a symmetric Gaussian state with two-
mode variance matrix V of the following specific form,
V =


η 0 c 0
0 η 0 −c
c 0 η 0
0 −c 0 η

 . (18)
9The necessary condition on V (set by the uncertainty
relation) to be a bona fide quantum variance matrix is
that its symplectic eigenvalues (κi, i = 1, 2) (elements
in the Williamson’s diagonal form) must be no less than
1/2, i.e. κi ≥ 1/2. These, symplectic eigenvalues are
obtained as the ordinary eigenvalues of |iV Ω|, where,
Ω =
[
J 0
0 J
]
; J =
[
0 1
−1 0
]
. (19)
The condition κi ≥ 1/2, for the variance matrix V [Eq.
18] leads to, √
(η + c)(η − c) ≥ 1/2. (20)
According to the condition of two-mode quadrature
squeezing as defined by Simon et. al. [22], the variance
matrix V is said to be quadrature squeezed if its ”least
eigenvalue” becomes less than 1/2. For the variance ma-
trix V given in Eq. 18, its eigenvalues are l = η ± c.
Evidently, the condition of two-mode quadrature squeez-
ing for V yields
lmin = η − c < 1/2. (21)
Let’s now look at the teleportation of the coherent
state with the Gaussian resource states. For any Gaus-
sian state with variance matrix V =
[
A C
CT B
]
, where, A,
C and B are 2× 2 matrices, the fidelity of teleportation
of a coherent state (Eq. 3) becomes [31],
F =
1√
det[M ]
, (22)
where, M = A − {σz , C} + σzBσz + I. σz is the Pauli
spin matrix, σz =
[
1 0
0 −1
]
.
For the symmetric Gaussian states with variance ma-
trix given in Eq. 18, we have B = A = diag(η, η)
and C = CT = diag(c,−c). This leads to M =
diag(1+ 2η− c, 1+ 2η − c) with det[M ] = (1+ 2η − c)2.
Now the condition of QT, i.e., F > 1/2, leads to,√
det[M ] ≤ 2⇒ η − c ≤ 1/2. (23)
Evidently, the condition for quantum teleportation
(Eq. 23) and and the condition for quadrature squeez-
ing (Eq. 21), are identical. This implies that quadra-
ture squeezing is a necessary condition for QT with sym-
metric Gaussian resouce states. Further it also implies
that, in this case, it is also sufficient. However note that
we have considered teleportation of a coherent state via
Braunstein-Kimble protocol. We do not expect that two-
mode quadrature squeezing would be sufficient in the case
of teleportation of a general single-mode state and with
general Gaussian resource states.
In view of the result for the symmetric Gaussian states
obtained above, that two-mode quadrature squeezing is
necessary for QT, it is plausible that in the case of
non-Gaussian entangled resource states as well two-mode
quadrature squeezing is necessary for QT.
VI. Conclusion
In summary, we have studied QT with a class of non-
Gaussian resource states. These resource states are gen-
erated by a passive BS with specific single mode non-
Gaussian states at one of the input ports, viz., the pho-
ton added squeezed vacuum state, the photon subtracted
squeezed vacuum state and squeezed number state. In
contrast, the non-Gaussian resource states studied in the
literature in the context of QT normally are those gener-
ated from various de-Gaussifications of the TMSV. The
analysis in this paper hinges on our numerical results
on the dependence of the teleportation fidelity on the
squeeze parameter (r) for various values of the photon
addition/subtraction (m), in the case of different resource
states.
Firstly, we have extended the analysis of Dell’Anno et.
al. [12] to the BS generated non-Gaussian resource states
and studied in detail the dependence of QT on entangle-
ment, NG and SVA. While Dell’Anno et. al. used the
Hilbert-Schmidt distance based NG measure, we instead
have used the Wehrl entropy based measure. Consistent
with the results of Dell’Anno et. al., we have found that
the teleportation fidelity doesn’t depend monotonically
on either of these properties but one has to tune the val-
ues of these to achieve optimal QT fidelity.
Our next focus has been to identify what all attributes
of the resource states, apart from entanglement, are nec-
essary and/or sufficient for QT. To this end, we have
studied SVA and EPR correlation which have been con-
sidered in the literature as being critical for QT. However,
we have found that SVA is, in general, not non-zero for
all resource states. In particular, it turns out to be zero
in most of the cases for the class of states that we have
considered. On the other hand, while the fact that EPR
correlation is not necessary for QT has been known in
the literature [14, 16], numerical results on our class of
states indicate that it is not also sufficient.
We have proposed that two-mode U(2)-invariant
squeezing [22] is an appropriate attribute to consider in
this context. Our numerical results on both the class
of BS generated non-Gaussian resource states as well as
other de-Gaussified TMSV lead us to the conclusion that
U(2)-invariant squeezing is, in fact, a necessary condi-
tion that all resource states must satisfy. To argue that
this is a plausible conclusion we have given an analyti-
cal proof, in the case of symmetric Gaussian states, that
U(2)-invariant two-mode quadrature squeezing is indeed
necessary for QT. It turns out that in the special case
of QT of a coherent state via Braunstein-Kimble proto-
col, and with symmetric Gaussian resouce states, two-
mode quadrature squeezing is also sufficient. It would be
nice to give an analytical proof that two-mode quadrature
squeezing is necessary for all Gaussian entangled resource
states. We shall return to this question elsewhere.
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Appendix: Least Eigenvalue of the Variance Matrix
of BS Output States Generated from Single Mode
Input States
Here, we discuss the least eigenvalue of the two-mode
variance matrix of the BS output states generated from
a single mode nonclassical state at one of the input ports
while the other port is left with vacuum. Let’s consider
the column vectors Rin and Rout for the input and output
quadrature operators as
Rin =


xa
pa
xb
pb

 , Rout =


xA
pA
xB
pB

 . (24)
The quadrature operators xi, pi corresponding to an-
nihilation and creation operators ai, a
†
i are defined as
xi =
1√
2
(ai + a
†
i ) and and pi =
1
i
√
2
(ai − a†i ).
Using the transformation matrix between input and
output mode operators Eq. (2) for a 50 : 50 BS, it is easy
to show that Rout is related to Rin by the transformation,
Rout = SRin, i.e.,


xA
pA
xB
pB

 =


1√
2
0 1√
2
0
0 1√
2
0 1√
2
− 1√
2
0 1√
2
0
0 − 1√
2
0 1√
2




xa
pa
xb
pb

 . (25)
It is well known that, under the linear transformation S,
the input variance matrix Vin transforms as SVinS
T . In
this paper we consider the class of states for which the
input variance matrix Vin is given by,
Vin =


ηa 0 0 0
0 ζa 0 0
0 0 12 0
0 0 0 12

 . (26)
Using the transformation S given in Eq. (25) we get
the output variance matrix as,
Vout = SVinS
T =


ηa+1/2
2 0
−ηa+1/2
2 0
0 ζa+1/22 0
−ζa+1/2
2−ηa+1/2
2 0
ηa+1/2
2 0
0 −ζa+1/22 0
ζa+1/2
2

 .
(27)
It can be easily shown that the least eigenvalue of Vout
is given by λmin = min[1/2, ηa, ζa]. To be specific, let’s
assume ηa ≥ ζa. In this case the minimum eigenvalue
will be given by λmin = min[1/2, ζa].
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